Six exclusions at rational torsion order 256
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Theorem. Let A/Q be a principally polarized abelian surface that is split over Q. If

#A(Q)ors = 256,
then A[2] C A(Q). Consequently its rational torsion group is one of
C3 x Cyy, C2 x Cy x Oy, C2 x CZ.
No existence assertion is made for these three groups. In particular, the six groups
[4,64], [8,32], [16,16], [2,2,64], [2,4,32], [2,8,16]

are impossible for genus-2 Jacobians split over Q, at every splitting degree.

1. The full elliptic 2-adic image
Let E//Q have rational torsion Cy x C,. Choose a basis of its Tate module in which
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T=B@Qun = (2 2) C (Q/Z,)° D= diag(8,2).

The pointwise stabilizer of T is
All these matrices are invertible. The group has index 96 in GL4(Z,): its reduction modulo 8 has

order 16, while # GL,(Z/8) = 1536.

The curve E is non-CM, since Olson’s classification of rational torsion on CM elliptic curves excludes
a point of order 8. By Rouse-Zureick-Brown, Corollary 1.3, the index of its 2-adic image divides 64
or 96. Since that image is contained in H,), its index is a multiple of 96. Hence its image is exactly
HO'

2. A matrix lemma for maximal gluing

Lemma. Let F,F/Q have exact rational torsion Cg x C,. Let ¢ > 2 be a power of 2 and let
¥ : Elq] — F|q| be a Galois-equivariant isomorphism. Put

B = (E x F)/ graph(u).

If #B(Q);o; = 256, then B[2] is rational.

Proof. Choose a basis of T, FE adapted to T as above. Choose a basis of T, F lifting its image
under 1. Thus the gluing is the identity modulo ¢q. This second basis need not be adapted to the
rational torsion of F. Choose P € GLy(Z,) so that multiplication by P converts its coordinates to
an adapted basis. The rational torsion of F, in the gluing coordinates, is therefore P17

For a Galois element, write g, h for its matrices in the gluing coordinates. We have

h=g (mod q), g=h=1 (mod 2), det h = det g.



The first image is exactly H,. We write
M=(g—-0)D",  V=(h—g)/q

Both are integral, and M ranges over every element of My(Z,).

The two elliptic quotient maps from B are surjective on rational torsion: each kernel on rational
torsion has order 16 and the proposed total order is 256. Consider

TiB—ExF, [X,Y]— (¢X,qY).

Its image on rational torsion projects onto both elliptic torsion groups. The kernel of either pro-
jection is the corresponding subgroup ¢7'. After using adapted coordinates on both factors, this
image modulo ¢7T" x ¢T is therefore the graph of an isomorphism

0:T/qT — T/qT.

Choose rational lifts under the first elliptic quotient of the generators e;/8 and e,/2. By adding
graph elements to representatives, we may write them as
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N=P L, L_<4b d>’ a,b,c,d € Z,.

Indeed, the second elliptic images are linear combinations of the two adapted generators with
coefficient columns (a,b) and (¢,d). Changing a representative by a point of F[q] changes these
coefficients by even integers, so their reductions modulo 2 represent the induced automorphism of
T/2T. Consequently ad — be is odd. In particular,

1 8d —2¢
-1 _
DN = o (—8b 9% ) P e 2M,(Z,). (1)

This holds even if L has a nonintegral upper-right entry.

Rationality of the two chosen lifts says that, for every Galois element, there is an integral matrix
W such that
(h—I)N —(g—1)=qWD. (2)

Put

D
K==
q

(I =N € My(Qy).

Rearranging (2) gives

V =WDN"!— MK. (3)
Choose a Galois element for which M = I, which exists by the full-image result. Then (1) and (3),
together with the integrality of V', show that K is integral.

For every Galois element, det(g + ¢V') = detg. Since ¢ is even and g = I (mod 2), expansion of
the determinant gives
tr(V)=0 (mod 2).



Reducing (3) modulo 2 and using (1), we obtain
tr(MK)=0 (mod 2) for all M € My(F,).

The trace pairing on M,([F,) is nondegenerate, so K = 0 (mod 2). Equation (3) now shows that
V =0 (mod 2) for every Galois element. Thus

h=g (mod 2q).

Explicitly, identify the 2-primary torsion of B with two copies of (Qy/Z,)? through

where tildes denote lifts. Changing a lift of x changes the representative by a graph element, so
this is well defined. Its inverse is induced by (X,Y) = (¢X,Y — X). The Galois action in these
coordinates is

(z,2) — (gz,Va + hz).

Equivalently, on T, B it has block matrix

((h —gg>/q 2) '

Its reduction modulo 2 is the identity. Hence all of B[2] is rational. [J

3. Proof of the theorem

Choose complementary elliptic subvarieties E, F' of A. Their torsion groups embed in A(Q) and

the elliptic quotient sequences give

256 | #E(Q>tors #F(Q>tors‘

tors»

Mazur’s theorem bounds each factor by 16. Thus both groups are Cg x Cj.

The complementary elliptic decomposition writes A as a quotient by the graph of an anti-isometry
E[n] — F[n]. Put ¢ = 2%2(™. Passing to the graph of its restriction to E[q|] preserves rational
2-primary torsion, since the discarded isogeny degree is odd. If ¢ = 1, the rational torsion is the
direct product of the two elliptic groups, with full rational 2-torsion. If ¢ > 2, the intermediate
quotient has rational 2-primary torsion of order 256; the same elliptic quotient bound shows that
its entire rational torsion group has order 256. Thus the lemma applies. In either case A[2] is
rational.

Write its rational torsion as Cy x Cy, x Cy, x Cy , with d; | dy | dy | dy. Full rational 2-torsion
gives 2 | d;, while the Weil pairing over Q forces d,,d, | 2. Thus d; = d, = 2 and dsd, = 64, giving
precisely the three groups in the statement. [J
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